In this paper various theoretical approaches are used to define the dependence of the estimated O(α 5 s ) and O(α 6 s )-corrections to the QCD relation between pole and MS running masses of heavy quarks on the number of light flavours. It is found that recently studied asymptotic formula for the coefficients of this relation, based on the infared-renormalon method, does not reproduce sign-alternating structure in the flavour-dependence of the five and six-loop corrections, which holds in three other used by us approaches.
INRODUCTION
The masses of charm, bottom and top-quarks are the important parameters not only of QCD, but of the Standard Model of particle physics and of its various extensions. However, due to the phenomenon of confinement quark masses can not be measured directly. Moreover, within the perurbative QFT masses depend not only on the energy scale µ, but also on the concrete renormalization scheme. Therefore there are several theoretical definitions of heavy quarks masses. The widespread mass notions are the running m q (µ 2 ) and pole masses M q , determined within the MSscheme and the on-shell (OS) renormalization scheme correspondingly. The relation between these masses (we will call it briefly MS-on-shell relation) was considered in the number of works at one- [1] , two- [2, 3, 4] and three-loop [5, 6] level and has the following form
where µ 2 = m 2 q and a s (µ 2 ) = α s (µ 2 )/π in the MSscheme. For case of the SU (3) color gauge group the numerical results of these analytical calculations read: t 0 = 1, t 1 = 4/3, t 2 = −1.0414n l + 13.443, (2) t 3 = 0.6527n Corrections of the second and third order of perturbation theory (PT) depend on n l . In this work we consider the case of one massive and n l 1) e-mail: kataev@ms2.inr.ac.ru 2) e-mail: viktor_molokoedov@mail.ru massless quarks, i.e. the number of active flavours n f = n l + 1. This approximation is really very good if we ignore the corrections associated with the inclusion of quark masses in the internal fermionic inserts which renormalize the quark two-point Green function [7] . As it follows from eqs.(2) the structure of expressions for coefficients t n is sign-alternating in n l . Study of this problem at the fourth-loop level confirms this rule. However, at present the analytical form of t 4 -coefficient is not yet known. But the leading and sub-leading in powers of n l terms were obtained analytically [8] and the first of them is in agreement with the results of the renormalon-based analysis [9] . Further, in the work of [10] values for full expression of t 4 -coefficient were evaluated numerically with the identical uncertainties for n l = 3, 4 and 5. Taking into account the results of these computations and applying the mathematical least squares method (LSM) to solve the overdetermined system of three linear equations with two unknowns (the linearly dependent on n l and irrespective on n l terms in expansion of t 4 ) one can obtain not only their numerical values, but also evaluate their theoretical inaccuracies [11] . Recently results [10] were improved in Ref. [12] by presenting numerical values for t 4 -term at 0 ≤ n l ≤ 20 with much higher n l -dependent numerical accuracy. This circumstance contributed to the reconsideration of the LSM-calculations [11] in the work [13] . The updated results [13] of flavour dependence for the O(a Analysis of the relation between pole and running masses of heavy flavours at the fourth-loop level points out that the corresponding asymptotic PT series for the charm-quark diverges from the second (or the third) order of PT. In case of b-quark all high-order corrections decrease up to four-loop level. However, the O(a 4 s )-contribution becomes comparable in magnitude with the O(a 3 s )-term. Therefore for an exact answer to the question of finding an order up to which the truncated MS-on-shell series for b-quark can be used in theoretical studies within the PT, it is necessary to define the fifthorder corrections to this relation at least. For t-quark this task is even more relevant. Indeed, all high-order contributions decrease monotonically and rather quickly up to four-loop level. In addition, due to the large mass of t-quark the magnitudes of these corrections are noticeably larger than for the case of b-quark and therefore taking into account the effects of high orders of PT for t-quark plays important role in definition of theoretical uncertainties for mass values, extracted from the experimental data at Tevatron and LHC. In fact, the theoretical errors of the masses of heavy quarks are estimated by the order of magnitude of the last included PT correction in the ratio between the pole and running masses of heavy flavours. Note, that the mentioned asymptotic nature of the MS-onshell mass relation is related to the existence of the leading infrared renormalon (IRR) singularity in the Borel image of Eq.(1) [14, 15] , which does coefficients of the perturbative series for this relation factorially growing. Thus, it is important from theoretical and phenomenological point of view to fix the number of order of PT from which the corresponding series for the MS-on-shell relation starts to manifest the asymptotic character. Let's move on to the study of this problem.
ESTIMATES BASED ON RESUMMATION OF THE RENORMALON CHAINS
In this section we use the results of work [9] , where corrections to the relation between pole and running heavy quark masses were estimated using the calculations of the leading on n l contributions from consideration of the chain of fermion loops (FL) into the gluon propagator, renormalizing two-point quark Green function, supplemented by the procedure of naive nonabelianization, which in the normalization, used in this work, is equivalent to the substitution n l → −6β 0 , where β 0 = 11/4 − (n l + 1)/6 is the first scheme-independent coefficient of the QCD renormalization-group β-function. We use the results of these computations, shifting the normalization point from the pole mass to the MS-scheme running mass of heavy flavour. In case of applying this method to the estimation of the four-loop correction to the MS-on-shell mass relation we obtain following expression
which is in satisfactory agreement with (3). For coefficients t 5 and t 6 this renormalon-chain procedure gives the following predictions:
Let us stress that equations (4), (5) and (6) contain the exact numerical expressions of leading in powers of n l contributions. Note also that this procedure reproduces explicitly the sign-alternating structure of t
and t
F L
6 -terms, which manifests itself at two, three and fourloop levels.
APPLICATION OF THE EFFECTIVE CHARGES METHOD

Estimates in the Minkowskian region
Consider the analogue of the equation (1), namely the quantity T (s), defined in the Minkowskian time-like region with µ 2 = s as:
where coefficients t n at 0 ≤ n ≤ 4 coincide with the calculated analytically in Eq. (2) and with the semianalytical result (3). Further we use the method for estimations of the high-order PT QCD corrections to the quantity T (s), based on the concept of the effective charges (ECH) [16] and developed in the works [17, 18] approach. At the first stage we define the effective charge a ef f
with τ n = t n /t 1 . After this we can introduce the corresponding ECH β-function, which is responsible for the evolution of the a ef f s (s) coupling constant by the following way:
Scheme-independent coefficients β ef f n for n = 4, 5 are related to the MS coefficients β n by the following relations [17] :
The ansatz β ef f n = β n allows to estimate the numerical value of τ n+1 -coefficient. This procedure was applied in [18, 19] , where corrections t 3 and t 4 to the relation (1) for c, b and t-quarks were obtained. These estimates turned out to be in rather good agreement with the results of the explicit O(a = β 5 will lead to reasonable estimates for five-and six-loop corrections to the MS-on-shell mass relation as well (we denote them t
ECH−M 5
ECH−M 6
). Considering now the cases with fixed numbers of massless flavours 3 ≤ n l ≤ 8 (which do not change the sign of the β 0 -coefficient and therefore do not contradict the property of asymptotic freedom of QCD in the leading order approximation) we predict unequivocally values of all coefficients in the flavour dependence of the five-and six-loop corrections. Within the ECH-motivated approach, applied directly in the time-like region, the expressions for O(a One can see that they are in quite acceptable accordance with the results (5) and (6), predicted by means of the renormalon-chain calculations. Both these approaches indicate the sign-alternating structure in expansion of five-and six-loop corrections in powers of n l .
Estimates with transition from the Euclidean to Minkowskian region
In practice most of PT calculations are performed in the Euclidean region, whereas the physical characteristics of processes, which may be measured at colliders, are described by quantities in the time-like regions of energies. In order to establish matching between them it is necessary to take into account the effects, related to the transition from the Euclidean to Minkowskian space. As was demonstrated in Refs. [17, 18] it is more theoretically substantiated to apply the ECH-motivated approach to physical quantities, defined in the Euclidean region. After that it is necessary to evaluate the effects of analytical continuation and get the expression for the quantities, measured in the Minkowski region. We consider the Källen-Lehman type spectral representation of the Euclidean quantity
f n a n s (Q 2 ) (13) with Minkowskian function T (s), determined in Eq. (7). Taking into account the scale dependence of the MSscheme coupling constant a s (s) and the running mass m q (s), carrying out the integration in Eq. (13) and setting µ 2 = Q 2 , we obtain the relations between the coefficients t n and f n of the PT series in the Minkowskian and Euclidean regions
where additional contributions ∆ n are effects of the analytical continuation and contain terms, proportional to powers of π 2 and powers of the β-function coefficients and anomalous mass dimension γ m in the MS-scheme. The explicit six-loop expressions for ∆ n -terms are given in [13] for case of the SU (N c ) colour gauge group. For particular case of the SU (3) group we have the following numerical expressions of these contributions: The expressions of Eqs. (15) demonstrate that the analytical continuation contributions are not negligible and increase significantly with the growth of the order n of PT. The substantial difference between method, described in this subsection, and approach of the direct application of the ECH-motivated procedure in the Minkowski region, lies in the construction of an effective charge not for the Minkowskian quantity T (s)/m q (s), but for the Euclidean associated function
, defined in (13) . This change is equivalent to the replacement τ n → f n /f 1 in eqs. (10) . Applying the reasoning similar to the ones, used in the previous subsection, namely equating the coefficients of the ECH β-function, defined in the Euclidean region, to their MS-scheme analogues, we get estimates of the fiveand six-loop coefficients of the Euclidean coefficients f 5 and f 6 at fixed n l in the region 3 ≤ n l ≤ 8. Reproducing now their explicit expansion in powers of n l by solving the systems of the corresponding equations and taking into account the relation (14), we obtain the following estimates of the n l -dependent expressions of the Minkowskian terms t 5 and t 6 (we denote them t
ECH−E−M 5
ECH−E−M 6
):
Like in two previous considered by us cases, the ECH-motivated approach, supplemented by taking into account the effects of analytical continuation, respects the property of sign-alternating structure of t n -corrections in the O(a and t
-contributions differ in insignificant factors from 1.5 to 2 (see expressions (11) , (12) and (16), (17)).
THE ASYMPTOTIC RENORMALON STUDIES
As the next estimation method of the five-and six-loop contributions to the MS-on-shell heavy quark mass relation we consider the procedure, based on the asymptotic formula, derived in Refs. [20, 21] and corrected a bit in Ref. [22] . It is based on the IRR renormalon dominance hypothesis, which appeared after studying the infrared singularities of the Borel image of the PT series for the relation between the pole and running masses of quarks [14, 15] and goes beyond large β 0 -expansion. The general expression for this formula is written as
where Γ(x) is the Euler Gamma-function, b = β 1 /(2β 2 0 ) and expressions for Ω k -contributions, containing terms suppressed by (1/n) k -corrections, are given in [22, 23] . The normalization factor N m in Eq.(18) depends on n l and on n. Possible ways to fix the values of the N mfactor in concrete order of PT are presented in the works [22, 24, 25] . In order to estimate a magnitude of the O(a 5
The possibility of such approximation follows from rather weak dependence of N m -factor on the order of PT, beginning with three-loop level. Naturally, this dependence is not negligible, but for our goals to estimate the O(a 5 s ) and O(a 6 s ) corrections it will be quite suitable. However, we are faced with one unexpected fact: unlike the supported by large β 0 -expansion approach [9] and the both realizations of the ECH-motivated method [13] , the application of the IRR-based formula with the O(a s )-approximations is not valid or it is necessary to take into account in the IRR-based formula additional sources of uncertainties, say contributes of (1/n) 4 -corrections or UV-renormalon effects [21, 26] .
NUMERICAL RESULTS
To summarise discussions, described in the previous sections, we present the numerical results for five-and six-loop coefficients t 5 , t 6 at 3 ≤ n l ≤ 8, predicted within the four considered by us estimated procedures.
From the results of Table it follows that for physical values n l = 3, 4, 5 predictions, made within the renormalon asymptotic formula (18) , are slightly higher than the estimates obtained by resummation of the inserts of fermion loops and two variants of the ECHmethod. It is also worth to stress that the estimates for the t 5 -coefficient, derived by both ECH approaches, are in better agreement with the results, obtained in the process of the b-quark mass determination from the global fits of quark-antiquark bound states [27] , than with ones, extracted from the IRR-based asymptotic formula of Eq. (18) . Unlike the FL and IRR-based techniques both ECH-approaches indicate the negative values of t 5 and t 6 -corrections for n l = 7, 8, which are important for their sign-alternating behavior. Now consider a magnitude of the high-order QCD corrections to the MS-on-shell mass relation of real heavy quarks. We have already discussed above that in the case of the charm-quark the asymptotic structure of the MS-on-shell mass relation reveals itself from the second order of PT. Therefore we are interested in the magnitude of corrections of the high order PT for b and t-quarks only. We fix the values of the running masses of these flavours and coupling constants as in work [13] For the pole mass of b-quark the procedure of resummation of fermion loops, supplemented by the method of naive nonabelianization, predicts the decline of the high-order contributions up to six-loop level. A different picture is observed in estimates, made by other three methods: the asymptotic structure in expansion of pole mass of the bottom-quark manifests itself starting from the five-loop level. Another interesting feature is that within the ECH-motivated method which takes into account the transition from the Euclidean to Minkowskian regions the PT series for pole mass of b-quark demonstrates output to some kind of plateau at four, five and six-loop levels. For the case of the top-quark pole mass all four considered estimate procedures outline the decrease of the five and six-loop corrections. This means that the asymptotic structure of this PT series is not yet manifesting itself at these levels. Therefore theoretical conception of pole mass of top-quark can be safely used even at the six-loop level.
CONCLUSION
With help of the four methods, namely the resummation of the quark bubble chains, two ECHmotivated methods, defined in the Euclidean and Minkowskian regions, and the infrared renormalonbased approach, we estimate the five and six-loop corrections to the MS-on-shell heavy quark mass relation. In addition we determine flavour dependence of the considered contributions in the O(a 5 s ) and O(a 6 s ) orders. The IRR-based asymptotic technique with N m normalization factor, taken in the four-loop approximation, gives surprising non-oscillating in powers of n l estimates, while the both ECH and FL approaches predict not only close values of the corresponding coefficients but reproduce the signalternating structure of these corrections. The ECH Euclidean method for the b-quark pole mass leads to the effective plateau and the rest three methods outline the increase of the five-and six-loop contributions. In the case of t-quark the asymptotic nature of the corresponding PT series is not observed even at six-loop level. Therefore theoretical concept of the pole mass of top-quark is applicable up to 6 order of PT for sure. Herewith the theoretical uncertainty of the existing values of the pole mass of the top quark is estimated by the last term of this asymptotic series, included in comparison with experimental data from the Tevatron and LHC colliders, which in the case of three-loop approximation is about 500 MeV.
